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A quantum computer requires the ability to store and manipulate information
globally to protect against local noise. Topologically ordered phases'? offer

two routes: encoding information in the ground-state subspace® or in anyonic
excitations"**. The toric code! exemplifies the first approach but does not intrinsically
support auniversal gate set. The latter—topological quantum computation—
implements gates by braiding non-Abelian anyons® around each other. However,

the simplest non-Abelian generalizations of the toric code cannot achieve universality
by braiding alone”®. Here we demonstrate that anyon fusion, used as a computational
primitive, renders these minimally non-Abelian topologically ordered states
universal. We prepare a 54-qubit ground state of the quantum double of §S;, the
smallest non-Abelian group, on the H2 processor of Quantinuum. We encode logical
information in the global fusion space of non-Abelian anyons, and by combining
braiding with fusion, we realize a universal topological gate set and read-out, which
we demonstrate by topologically preparing a magic state. This demonstrates that the
S,topologically ordered state is scalably preparable, yet rich enough to supporta
universal gate set. More broadly, this work opens up new pathways for harnessing the
intrinsic properties of quantum matter to manipulate quantum information.

The appeal of topologically ordered phases of matter liesin their abil-
ity toencodeinformationin global propertiesinsensitive to local per-
turbations™* The toric code' exemplifies this idea: an emergent Z,
gauge theory'® whose anyonic quasiparticles exhibit non-trivial
exchange statistics?, forming the foundation of the paradigmatic
surface code™*, where quantum information is stored nonlocally in
the degenerate ground-state subspace®. A qualitatively different
approach is known as topological quantum computation, in which
informationis directly encoded in the internal degrees of freedom of
non-Abelian anyons', which is minimally realized in quantum double
models based on finite non-Abelian groups’.

Until recently, the implementation of topological quantum com-
putation was out of experimental reach. However, the discovery that,
for solvable groups, constant-depth adaptive circuits can prepare
non-Abelian quantum double models™™™ as well as their anyons®*
has prompted renewed theoretical interest in their utility?* 2%, These
measurement-based approaches substantially lower the experimental
barriers torealizing these phases on quantum hardware, witharecent
experimental realization of D, topological order?.

Despiteincreased experimental accessibility to non-Abelian defects
andtopological orders”*, afundamental limitation remains. Although
topological orders based on finite groups are desirable because of being
minimal non-Abelian generalizations of the toric code, their braiding
operations do not provide a universal set of quantum gates’®. This

standsin contrast to more exotic topological phases such as Fibonacci
topological order, in which braid-only universality can be achieved®*,
albeit at the cost of significantly greater complexity in their realiza-
tion*?, in part because of conjectured no-gos for scalable preparation
protocols®. Moreover, their irrational quantum dimensions complicate
thesearch for leakage-free gates® 3, in contrast to the integer quantum
dimensions of anyons in quantum doubles. Moreover, although a finite
decoding threshold has recently been proven for quantum doubles
with solvable groups by leveraging the similarity with the toric code®,
no similar results exist for more exotic topological order.

Eveninidealized settings for topological quantum computation,
however, measurements of anyon type are required to extract infor-
mation encoded in non-Abelian anyons'?®. This observation raises a
natural question: given measurement has already been proveninstru-
mental for preparingand manipulating non-Abeliantopological phases,
can it also be harnessed to enhance their computational power?
Theoretical work has suggested that topological orders associated
with cyclic anyon fusion rules®, of the forma x a = a + --,become uni-
versal when anyon fusion measurement is incorporated into the
gate set®>%"*_Although this cyclic criterion excludes the previously
realized D, topological order, it applies to the quantum double of the
smallest non-Abelian group, S, (refs. 41,45-47).

This work presents, to our knowledge, the first experimental reali-
zations of a universal topological gate set based on the braiding and
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Fig.1| Topological orderbased onS;.a, Symmetry group S; =753 X Z,ofan
equilateral triangle, generated by rotation zand reflection 0. b, Logical state
encodedin the flux-neutral fusion space of a pair of C, fluxes. ¢, Anyon braiding
together with fusionrealizes a universal gate set for quantum computation.

d, Thecodeis defined onasquare lattice on atorus with oriented edges hosting
d=6qudits, composed of aqubit (solid circle) and a qutrit (solid triangle). The
triangle direction specifies the edge orientation. Physically, each qubitis
encodedinthe hyperfine states of 7'Yb*ions. e-k, The stabilizers decompose
into Paulioperators X, Zon qubits and generalized Pauli operators X, Z

fusion of non-Abelian anyons in a scalable non-Abelian topological
order, in particular the S; quantum double model on a trapped-ion
quantum computing architecture*®, Using a two-step process, which
canbeinterpreted as coupling aZ,and Z, toric code® """, this enables
the realization of S; topological order ground states as well as the
realization of a single non-Abelian anyon on a torus*®, which we link
to the cyclicity of the anyon fusion rules. We nonlocally encode logi-
cal information in the internal states of non-Abelian C, fluxes
and demonstrate a universal gate set on these topological qutrits,
consisting of three primitive operations: (1) an entangling gate imple-
mented by coherent anyon braiding; (2) measurement of the topo-
logical qutrit in the X-basis; and (3) measurement of the topological
qutritin the Z-basis. Any quantum operation on pairs of qutrits (and
therefore also qubits) can be synthesized from these three pri-
mitives**’. Although these primitives cannot be realized in a strictly
transversal way***!, and we use linear-depth circuits with measure-
ments for our demonstrations, they can be scalably implemented
witha constant-depth adaptive circuit. We further demonstrate how
to prepare reference states (the so-called ‘bureau of standards™?)
and how our primitives can be used to prepare a magic state on a
topological qutrit (Fig. 1a-c).

TheS; quantum double

The internal Hilbert space consists of six-state qudits labelled by the
elements of the group S, = (u, o|u® = 0* = (uo)* = 1) (Fig. 1a). We encode
this as a qutrit-qubit pair g=°c®, where ais the qutrit and b the qubit
value. On the Quantinuum hardware, the qutrit is itself composed of
two qubits, with each qubit being encoded in anion (Fig. 1d). Errors
caused by leakage into the extra qubit state can be mitigated through
heralding and post-selection (Supplementary Information section 4).

The S; quantum double* ground states are stabilized by the following
qubit and qutrit projectors:

AZ2 = %(1 +577), AZa= %(1 +(SPB+h.c), 1)

B =l(+si),  BP=1+(sP+he)),

592 | Nature | Vol 655 | 16 July 2026

Z,hori

together with charge conjugation Con qutrits (Supplementary Information
section1B). There are qubit vertex stabilizers SAZZ (e), qutrit vertex stabilizers
SAZ3 (these act on qutrits, conditioned on qubits) (f), qubit plaquette stabilizers
(5322) (g) and qutrit plaquette stabilizers (5323) (h). There arealsonon-contractible
versions of the SZZS (i)and SZZZ stabilizers (j), which toggle between ground
states. Thestabilizer S, associated with the global flux Wis defined as the
product of S; group elements x;along the directed loop ink, beginning at the
originoand encircling exactly one plaquette p (Supplementary Information
section2).

where the qubit and qutrit vertex and plaquette stabilizers, sz, Sk,
Sy2,and S5 are defined in Fig. le-h. S;2 (S;%) represent the Z, (Z5)
X-type stabilizers imposing Gauss law constraints at a vertex, such
that the corresponding projector A”2 (AZ3) projects into the
zero-charge sector at vertex v. The plaquette stabilizer S52 (S53) are
Z-typestabilizers detecting Z, (Z5) flux, such that the projector 852353
projectsinto the trivial-flux sector at plaquette p. The resulting state
can be interpreted as a deconfined S; gauge theory, whose quasipar-
ticles exhibit anyonic exchange statistics due to the Aharonov-Bohm
effect.

There are eight anyon types in the S; quantum double model (Sup-
plementary Information section 1C). Here, we work with three types
of non-Abelian anyons: the charge transforming under the two-
dimensional [2] representation of S;, detected by a violation of
AZ3 ([2] charge’); the two-dimensional flux that violates a BpZ3 pla-
quette, with flux state labelled by the conjugacy class C; represented
by u (‘G; flux’); and the three-dimensional flux, which violates both
BfZ'Z3 plaquettes, with flux state labelled by the conjugacy class C,
represented by o (‘C, flux’).

State preparation

Ground-state preparation

We use the all-to-all connectivity of the trapped-ion platform to real-
ize the S, quantum double ground states on a torus, in which there
are eight ground states in the S; quantum double, in one-to-one cor-
respondence with the eight anyon types. We label the ground states
by non-contractible line operators (Fig. 1i,j).

The state-preparation protocol mirrors the decomposition of S,
group elements into a qutrit and a qubit, using the fact that S, can be
expressed as asemidirect productZ; X Z,. We use agauging procedure
to prepare a Z, qutrit toric code®*® and subsequently apply another
gauging operation (that in isolation would produce a Z, qubit toric
code) to obtain the ground states of S, topological order?”. We imple-
ment this construction using a fully unitary circuit (Supplementary
Information section 6). The measured projector expectation values
areshowninFig.2a (see Methods, section ‘Ground-state preparation’
for details of the expectation value estimation). Because the target
state |gs) is fully specified by its projectors, we bound the per-qudit
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Fig.2|Ground and single-anyon states on 54 qubits. a, Z, (bottom) and Z,
(top) vertex and plaquette projector expectation valuesona3 x 3 periodic
square lattice (see equations (1) and (2)). Lighter squares denote plaquette
projectors and darker rhombi denote vertex projectors. ThemeanZ, and Z,
projector values are 0.987(2) and 0.962(4), respectively; the average standard
erroris 0.014,and the maximum standard error is 0.029. For the non-
contractible projectors, the average (maximum) standard error is 0.017
(0.022).b, Single C;anyon creation by applying a horizontal )763 toaground
state withavertical C, fluxloop. ¢, The anyonis identified by asingle excited
B%plaquette projector. The average standard error is 0.020, and the maximum
standard erroris 0.034.

fidelity of the prepared state p on the 3 x 3 lattice with 18 sites as (Sup-
plementary Information section 8)

0.970(5) < {gs|p |gs)/® < 0.988(3). (3)

As S, is asolvable group, it also admits a constant-depth adaptive
preparation’. We find a comparable fidelity between 0.930(8) and
0.978(2) (see Extended DataFig.2 and Supplementary Information sec-
tion 6B1). We use the ground states prepared unitarily for the remaining
demonstration because of the slightly better fidelity for the current
system size; however, the measurement-based preparation protocol
guarantees scalability of future experiments.

Asingle non-Abelian anyon on the torus

Ahallmark of non-Abeliantopological order is the existence of low-lying
excited states hosting asingle anyon on the torus. Arecent realization
of D, topological order demonstrated an excited state with a single
unpaired Abelian anyon?. Although such an unpaired anyon certifies
the non-Abelianness of that state, here we target a more complex and
computationally powerful quantum phase: acyclic topological order.
Cyclicityisexpected to enable universal computation by braiding and
fusion®*°. A diagnostic of cyclic fusion rules is the ability to generate a
single non-Abelian anyon on the torus by braiding an identical anyon
pair around a non-contractible loop.

Braiding a C, flux pair around the vertical non-contractible cycle
of the torus generates a non-trivial ground state with C, background
flux. Starting from this non-trivial ground state, we can braid a C; flux
pair around the horizontal non-contractible cycle (Fig. 2b). Owing to

the non-trivial braiding between the background G, flux and the C;
anyons, the C; pair fuses to asingle C;anyon after braiding around the
horizontal cycle (Fig. 2¢). This constitutes the experimental realization
of asingle non-Abelian flux anyon in a lattice model with topological
order. See Supplementary Information section 7 for more details on
the preparation protocol.

We note that we will not use this single non-Abelian to store quan-
tum information. Rather, the above demonstrates the cyclicity of the
fusion rules, which is a signature of the computational power of the
S5 quantum double. We next demonstrate explicit building blocks of
auniversal gate set.

Universal topological gate set
Logical qutrit encoding
Torobustly store quantuminformationin nonlocal degrees of freedom,
weencodeitinthefusionspace of spatially separated anyons. In particu-
lar, we use a pair of C, fluxes with trivial total flux (Fig. 1b), which ensures
thatthe encoded informationis unaffected by transporting pairs across
the system. Despite its flux neutrality, the pair retains delocalized
charge degrees of freedom due to the fusionrule G, x C,=1+[2] +....
The associated fusion space already yields a two-dimensional logical
subspace. Moreover, the internal structure of the [2] charge sector
isitself protected: the two charge states cannot be distinguished or
toggled by any local operation that does not enclose both fluxes. We
thus see that the separation distance between anyons gives us a code
distance. Provided the fluxes remain well separated, we obtain a pro-
tected three-dimensional fusion space, realizing a topological qutrit.
We canlabel this logical qutritin terms of the fluxes of the constitu-
ent G, fluxes:

iy =Inlo, ey, j=0,12, 4)

defining our Z-basis. Moreover, the nonlocal charges are diagonal in
the logical X-basis:

1

7). = ﬁuomwf [, +@’2),), j=0,1,2 5)

where w = 2", It can be checked that the|0), flux pair is in the trivial
anyon sector, whereas the |1), and|2), flux pairs behave as a (delocal-
ized) [2] charge.

For the flux labels in equation (4) to be well-defined for spatially
separated C, anyons, we can consistently measure the global flux W
associated with a loop based at a fixed-but-arbitrary choice of origin
(see Fig. 1k for an example of a global flux). We call this the ‘absolute’
encoding. Although this is sufficient to define topological flux and
demonstrate universal gate sets (see the following sections), the ori-
gin defines an Achilles’ heel through which quantuminformation can
leak out by local charge measurement. This is avoided by a ‘relative’
encoding, where instead of using a fixed origin, the flux values are
relative to other pairs. This requires building a ‘bureau of standards™?,
which we demonstratein the section ‘Bureau of standards’. We note that
this approachis fully topological, in the sense that no individual local
measurement can corrupt the logical information, and if so desired,
it can be expressed in terms of fusion trees (Supplementary Informa-
tion section 9).

Inref. 47, it is explained that three primitives (pull-through gate,
Z-basis measurement and X-basis measurement) constitute auniver-
sal gate set. Here we demonstrate the experimental realization of these
primitives. The braiding of non-Abelian fluxes is enabled by technical
advancements in protocols to coherently move non-Abelian anyons
using local flux label while preserving the global logical information
(C.F.B.Loetal.,manuscriptin preparation) (see Supplementary Infor-
mation section 3 for theory overview). At the circuit level, the braiding
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Fig.3|Pull-through gate entangles topological qutrits. a, Braiding between
thelogical pairs (equation (4)) gives an entangling gate (equation (6)) by the
conjugation (u%0)u’o(u%) ™. b, Spacetime diagram of the protocol on the

3 x3torus. Two pairs of C, flux anyons, control (blue worldlines) and target
(red worldlines), areinitialized in the logical state|5>L|0)L. Oneendpointofthe
control qutritis braided (pulled through) around bothendpoints of the target
andreturned toitsinitial position at t= 6. Oriented grey triangles indicate the
ribbonoperatorsimplementing anyon motion. ¢, Expectation values of the

ofnon-Abelian anyonsisimplemented by linear-depth (in the distance
the anyons travel) unitary circuits with one ancilla; explicit circuits can
be found in Supplementary Information section 10.

Pull-through gate
Webeginwiththe entangling primitive,implemented by braidinga con-
stituent C, flux of onelogical qutrit around the flux pair of another logical
qutrit (Fig. 3a). This operation, known as the pull-through gate, exploits
the non-Abelian braiding relations of the S; quantum double. Ingeneral,
when fluxes braid around each other, they are each conjugated by their
total flux. Inthis particular case, this leads to the logical two-qutrit gate
U Ia, b)[_= |a, -a _b>/_. (6)
We will demonstrate the action of this pull-through gate on|0),]0),,
which creates a qutrit Bell state,

1

U |(~)>L|O)L = \/g

(10,05, +11,2), +12,1),), )

wherethelogicalinformationis entangled across the flux pairs (Fig. 3b).
Figure 3c shows the evolution of the B%3 projectors expectation values
during the protocol (see Methods, section ‘Pull-through gate’ for pro-
tocol details and Extended Data Fig. 3 for further data). The B%3 projec-
tors identify the locations of logical qutrit endpoints, revealing local
information but not the encoded logical state.

To verify the resulting entanglement between the two flux pairs, we
certify correlationsin the Z-basis, quantified by(WgI3 Wf;), where W,
denotes the topological W-flux operator encircling plaquette p; (see
Supplementary Information section 2C for the precise path). The
observedincrease of this correlator fromitsinitial valueat =0 to near
unity at ¢ = 6, as both qutrits return to their original lattice positions,
provides strong evidence that the prepared state closely approximates
theideal target state.

X-basis measurement

Apart frombraiding logical anyons, fusion of anyons alsoimplements
logical operations, inaddition to providing aread-out mechanism. The
partial X-basis measurement, which distinguishes between the charge-
free|0), state and the charged {1y, |2),} subspace, is implemented
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local projectors B3 remain close to1except on plaquettes hosting logical
qutritendpoints, where they are approximately 1/3; the average (maximum)
standard erroris 0.028 (0.044). The nonlocal correlator(ﬂﬁ?z,ﬁ) certifies Z
correlations between the control and target qutrits. Its measured value is
consistent with the predicted value of1/3att=0andincreasesto 0.86(3) at
t=6,ingood agreement with the theoretical value of 1for the prepared
qutrit Bell state.

by braiding and fusion of C, fluxes (Fig. 4a). This coherent detection
of |0Y, is sufficient for a universal gate set on the {|0),, |1),} qubit®.

We demonstrate the X-basis measurements on two input states:| 0,
and|i),. The|0), state is charge neutral, whereas the|i), state stores a
[2]charge nonlocally (thatis, the flux pair fuses toa[2] charge). There-
fore, the way to measure in the X-basis is by braiding withan ancilla C,
flux pair and checking the fusion outcome: if the pair fuses to vacuum,
then we have measured in the|0), state, whereas if the pair fuses to a
[2] charge, then it is orthogonal to the |0), state. In the latter case, we
canrepeat the braiding to remove the [2] charge.

The projection violations for the input statesI(N)>Lare showninFig. 4b
(top row) and Ii)L (bottom row) (see Extended Data Fig. 4 for further
dataand Supplementary Information section 10B for implementation
details). For the|0), input state, the vertex projector A“3is not violated
after fusion (maintaining a value close to 1), demonstrating that we
have measured the state to be in the |5>L state. For the |1y, input state,
A%3is violated after the fusion (with the stabilizer value close to 0),
indicating the presence of a[2] charge at the vertex. This demonstrates
that the state is in the subspace spanned by the|1),, |2), state.

Z-basis measurement

Asthe final primitive that completes the universal gate set, the Z-basis
measurement is a comparison measurement: the measurement out-
comeindicates whether the data state is the same as the reference state
or orthogonal to it. At the physical level, the Z-basis measurement
determines the flux content of the logical flux pair by braiding and
fusion of a[2] charge pair around one flux each from the data and the
reference pair (Fig. 4c). If the data and reference flux pairs are in the
sameinternal state, then the [2] charge pair winds around a trivial flux
and fuses back to vacuum. If the data and reference flux pairs are in
differentinternal states, thenthe total fluxisa C; group element, which
results in non-trivial braiding: there is a 3/4 probability of obtaining a
remnant [-] charge after fusion.

We first instantiate the data logical state (here|0),) in the middle
row and thereference logical states|0), and|1), in (Fig. 4c, bottom and
top rows). We then braid [2] charge pairs to do comparison measure-
ment of the data flux pair with the reference pairs; the projection vio-
lations are shown in Fig. 4d (see Extended Data Fig. 5 for further data
and Supplementary Information section 10C for implementation
details). Comparing the data state with the|1), state, thereis a violation
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Fig.4|Logical X-basis and Z-basis measurements. a, For logical X'-basis
measurement, asymmetric ‘measurement’ flux pair (blue worldlines), created
from the vacuumin the state|0),, is braided around an endpoint of the flux pair
of theinput qutrit (yellow worldlines) and then fused. The fusion outcome
diagnosestheinput qutritstate: annihilation to the vacuum corresponds
to|0),, whereas aremnant charge anyon indicates the {{i),, |2),} subspace.

b, Experimental verification of the logical X-basis measurement protocol at
t=0,2,4.Toprowindicatesinputstate IG)L, and bottomrowindicates IT)L.
Local stabilizers remaininsensitive to the logical content of the qutrits, with
BB values near1/3atall flux endpoints (average/maximum standard error
0.034/0.059). At fusion (t=4), the vertex projector A3 yields 0.84(4) forlﬁ)t,
consistent with vacuum annihilation, and 0.06(3) for [1),, indicating a remnant
charge anyon. ¢, Schematic of the logical Z-basis measurement protocol.

in the vertex projector A*2, where the [2] charge pair is fused at t=3
(Fig. 4d), indicating that the data qutrit is not in the|1), state. Finally,
comparing the data state and the|0), state, there is no additional vio-
lation in the A%2 vertex projector (at ¢ = 4 in Fig. 4d), supporting that
the data flux pair is in the |0), state. This comparison measurement
between logical states also allows us to transition from the absolute
encoding (equation (4)) to the relative encoding.

Bureau of standards
To define the relative encoding, we require a bureau of standards, as
mentioned in section ‘Logical qutrit encoding’. Here we demonstrate
the preparation of states in the Z-basis bureau of standards (the pro-
cedure is shown schematically in Extended Data Fig. 6a). Three
charge-neutral I(N))L states are instantiated by pair-creation from the
vacuum. Without loss of generality, we designate the lowest C, flux pair
as the reference logical |0), state, and define all other logical states
relative to this reference. Then, Z-basis comparison measurements
are performed among the three possible pairings. By post-selecting
onthe[-]fusion channel using mid-circuit measurements, indicating
each of the three pairs occupies distinct Z-basis states, the reference
|1, and|2), state are designated. This completes the preparation of the
Z-basis bureau of standards, certified by the inter- and intra-pair cor-
relations (Extended Data Fig. 6b-d).

In the experiment, for simplicity, we have post-selected for the [-]
charge outcome for all three Z-basis measurements to obtain all
three logical states. However, post-selection is not necessary. If the

Worldlines onthe 3 x 2 lattice for a data qutrit (blue) and two reference qutrits:
referencel(red) in|0), and reference 2 (green) in|1),. A[2] charge pair (yellow)
encirclesthe dataand reference-2 qutritsbetween t=2and ¢t=3;becausethe
logical states differ, the pair annihilates to the vacuum with probability 1/4 or
leaves aremnant charge with probability 3/4. Between¢t=3and t=4,asecond
[2]charge pair encircles the data and reference-1qutrits, both in|0),, resulting
in deterministic vacuum annihilation. d, Experimental demonstration of

the logical Z-basis measurement protocol. Local plaquette projectors B2
remainnearzeroatt=2,3,4,confirming persistent qutritendpoints (average/
maximum error 0.014/0.021). At t =3, the vertex projector A2 atthefirst
fusionsite yields 0.32(4), consistent with the expected value 1/4; at t=4, A2 at
the second fusionsiteis 0.92(2), indicating deterministic annihilation to the
vacuum.

measurement outcome is not the [-] fusion channel but the vacuum
fusion channel, thatimplies we have partially prepared the bureau of
standards (we documented the other possible outcomes in Extended
Data Fig. 6¢). We can repeat until success: create fresh C, flux pair in
the |0), state and compare until we obtain the [-] fusion outcome to
prepare the full Z-basis reference states.

Demonstrating magic

To demonstrate the power of the S; universal gate set that we have
constructed, we exhibit a simple procedure to create a magic state
using topological operations. Starting with the basis state IT)L < |0),+
w |1); + @ |2);, we use the Z-basis measurement primitive to find this
in‘not|2)/, collapsing the state into|0), + w | 1), (see Fig. 5 for the pro-
tocol). This gives a minimal demonstration of how measurement on
qutrits enables the creation of non-Clifford states using only topo-
logical operations.

To certify the magic state, we measure the state in both Z- and
X-basis. First,inthe Z-basis, the resulting state has equal weights only
onthe|0),, |1), basis states as expected (Fig. 5c). For the X-basis, we use
the Achilles’ heel of the absolute encoding to our advantage: by inter-
rogating the logical charge violations at the origin, we can infer the x-
basis measurement outcome (see Table 1 for theory prediction and
Methods, section ‘Charge measurement at origin’); in particular, the
charge measurement at the origin is sensitive to the relative phase w.
InFig. 5c (inset), the experimental value of the charge violation weight
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Fig.5|Illustrating universality by creating a topological magic state.

a, Spacetime diagramillustrating the procedure for preparing the magic state
%(IO)L +w(1),) (see Methods, section ‘Magic-state creation protocol details’
for preparation details). b,c, The bar plots show the joint probability of
measuring the W-fluxes around plaquettes (1) and (2); b for the intermediate
state %(IO)L +w|1), +@|2),) and c for the final state %(|O>L +w|1),). Following
initial state preparation, the three possible flux configurations, 0. g, po. yoand
uo.uo,whichcorrespondtothelogical basisstates, occur withapproximately
equal probability of1/3. Successful preparation of the magic stateis validated
inthe Z-basis by amarked increasein the probability of the 0. cand uo. po flux
configurations,accompanied by asuppressionofthe y o. 1 0 configuration;
inset tables show that charge measurements at the originin the experiments
matchwith theoretical predictions, validating the state in the X'-basis.

at the origin matches the theory prediction for when the state is
|0); + w| 1), thus confirming the coherence of the magic state created.

Conclusion

In this work, we demonstrate a purely topological approach to uni-
versal quantum computation on quantum hardware. Rather than
encodinginformationinaground-state subspace, asin conventional
topological codes, we encode logical states directly in the nonlocal
fusion space of non-Abelian anyons, and we use their braiding and
fusion as computational primitives. These abilities are enabled by
therealization of adeconfined S;gauge theory, the non-Abelian topo-
logical order based on the smallest non-Abelian group. Exploitingits
cyclic anyon fusion rules, we trap a single non-Abelian anyon on the
torus, implement a universal logical gate set and demonstrate the
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Table 1| Theory prediction for the weights of charge violations
atthe origin for the magic state| 0), + w| 1), and other possible
states

State 1 [-1 [2]
I = 75105, +@ 1) % T 2
lw,) =503, +11),) 3 0 2
p=p|0XO|, +(1-p)I1X1|, % % %

The state without a relative phase (ly.)) and the completely decohered state (p) have distinct
weights of charge violations.

topological preparation of amagic state. These experimental demon-
strations are also enabled by theoretical advances: (1) we showed how
atwo-anyon encodingis sufficientin contrast to proposed four-anyon
encodings*®*’; (2) we developed coherent moving protocols to move
non-Abelian fluxes deterministically; and (3) we showed that the logi-
cal encoding based on bureau of standards can be described in the
fusion-tree perspective. Together, these results establish non-Abelian
anyons as programmable and computationally powerful degrees of
freedom, while the solvability of S, supports scalable preparation
and control.

Therealization of these abilities reflects aconvergence of advances
in quantum hardware and theoretical understanding of non-Abelian
topological phases. Improvements in qubit number and coherence
now enable the preparation and manipulation of complex topological
states, whereasrecent theoretical progress in lattice-scale anyon crea-
tion”*, encoding* and coherent moving (C.F.B.L. et al., manuscript
in preparation) establish asetting in which non-Abelian anyons can be
controlled rather than merely detected.

Looking ahead, encodinglogical information directly innon-Abelian
anyonic excitations opens new directions for fault-tolerant quan-
tum computation. Owing to their close similarity to the surface
code, non-Abelian quantum double models offer a promising route
to extending surface code techniques while enabling new abilities,
including universal topological gate sets. As our gate set is topological,
the operations are protected as long as one is in the phase. Stabiliz-
ing the topological phase requires active error correction, which is
beyond the scope of the present work, although arecent work proved
afinite decoding threshold even withimperfect measurement during
braiding®. Numerical works indicate thresholds may be comparable
to those of the surface code®™**, and a systematic comparison between
ground-state and fusion-space encoding is an exciting open direction.
Our proof-of-principle results lead the way for more detailed resource
estimates for the non-Abelian architecture, which will be crucial to
evaluate how non-Abelian computing compares with more conven-
tional stabilizer code schemes.

More generally, our work highlights how finite-group non-Abelian
topological orders offer acompelling balance between computational
power and experimental accessibility. Although more exotic phases
may admit braid-only universality, solvable gauge theories such as S,
occupy a ‘sweet spot”: they are sufficiently rich to support universal
computation, yet sufficiently structured to admit efficient preparation
and coherentanyontransport.S; quantum double provides a versatile
platformfor studying both scalable quantum computationbeyond the
stabilizer paradigm and new regimes of real-time dynamics of lattice
gauge theories.
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Methods

Ground-state preparation

We prepare the ground state with trivial flux along both non-
contractible loops of the torus. At the end of the preparation circuit,
we non-destructively measure an implicitly prepared sz stabilizer
together with an adjacent SZ2 stabilizer. Empirically, we find that, in
the event of astate-preparation error, these stabilizers are more likely
tobeviolated®. We, therefore, discard any experimental shot in which
either of the two non-destructive measurement outcomes is —1.
Furthermore, we exploit the qutrit encoding—implemented using two
physical qubits per qutrit—to detect errors that take qutrits outside
the computational subspace; this serves asanindependent heralding
condition (Supplementary Information section 4).

Before destructive read-out of the edge qudits, a circuit barrier is
inserted to ensure complete creation of the ground state. Expectation
values of stabilizer and logical projectors are obtained from destruc-
tive measurements of each qutrit-qubit pair in the following bases:

« Zand Z, yielding B*2, B“3 and horizontal and vertical logical Z
projectors;

- Zand &, yielding A%3 and B% projectors; and

- Xand ¢, yielding A% projectors.

Mean values of logical Z projectors of the S; quantum double are
obtained by averaging across rows for the horizontal logical operators
Z2.and 722, and across columns for the vertical logical operators
ZZ2 and ZZ3,. After applying all heralding criteria, approximately 24%
of shots are discarded. For the smaller 3 x 2 lattice, shown in Extended
DataFig.1, the corresponding discard rate is about 13%.

For comparison, we also prepare the ground state using an imple-
mentation with mid-circuit measurements and feedforward (Supple-
mentary Information section 6B1), which yields slightly lower fidelities
(Extended DataFig. 2).

Pull-through gate

First, we show that the action of flux braiding (conjugation by
the total flux) reproduces the qutrit action of the pull-through
gate as specified in the main text. We start with the state |0),|0),=
(lo,0) + |po, po) + |fio, fio))|o, o). At the level of the flux, the fluxes
are conjugated by the total flux participating in the braiding:

U(lo,0) +|uo, po) + |fio, fio))|o, o)
=|o,0)|0,0)+ |uo, uoY|go, fio) +|fo, fo)uo, o) (8)
= |0>L|O>L + |1>L|2>L + |2>L|1>L'

In implementing the pull-through gate, as well as all other experi-
ments presented in this work, logical qutrit states are prepared in
the X-basis (thatis, [3),) using anancilla qutrit (Supplementary Informa-
tion section 10A). Given the constrained budget of available qutrits
(56 in total), ancilla qutrits are obtained by using a qubit-reuse tech-
nique, in which physical qubits that are no longer acted on in subse-
quent stages of the circuit are measured early and reset for use as
ancillas.

After successful preparation, the ancilla qutrit is disentangled and
ideally returns to the qutrit zero state. Measurement outcomes cor-
responding to a nonzero ancilla state—predominantly arising from
memory errors in deeper circuits (Extended Data Table 1)—are there-
fore used to herald unsuccessful logical qutrit preparation, and the
corresponding shots are discarded.

The correlator <W§13sz3) , which we use to quantify correlations,
ensures that
» when the control global fluxis g, the target is g;

- when the control global flux is ug, the target is fio; and
» when the control global fluxis f7o, the target is uo.

See Extended Data Fig. 3 for further data on non-trivial Z correlators.

Magic-state creation

Magic-state creation protocol details. The protocol begins
by initializing the lower flux pair to be in the input state |i), = %
(10), +w|1), + @ |2),) and the middle flux pair with the reference
state |2),. Two Z-basis comparison measurements with respect to
|2), are performed using [2] charges. After braiding the first [2] charge
pairaround the end of both flux pairs, we post-select on the [-] fusion
outcome. This implies that the measured state is orthogonal to the
|2), state, so that the state is projected to the orthogonal subspace.
To ensure the correct coherence of the state in the subspace spanned
by|0), and|1),, we need to ensure no net charge is extracted from the
flux pair that constitutes the logical state. With only one round of [2]
charge braiding, there is one local [-] charge in the system, and by
neutrality, the flux pair is storing another [-] charge nonlocally. There-
fore, we repeat the Z comparison measurement and wind another [2]
charge pair and again post-select on the [-] fusion outcome, such that
thereare twolocal [-] chargesin the system; this ensures that the charge
content of the resulting state is correct such that we obtain the state
|0), + w 1), (Fig. 5, bottom). See Extended Data Fig. 7 for further data
and Supplementary Information section 10E for circuit-level imple-
mentation details.

Charge measurement at origin. Recall from section ‘X-basis measure-
ment’ that the X-basis measurement determines whether the state is
I(N))L or in the orthogonal subspace by measuring the [2] charge of the
flux pair. In the absolute logical state, the origin contains the charge
information of the logical state. This is due to the neutrality condition,
the charges at the origin are exactly the partners of the charges shared
by the flux pairs, such that fusing all anyons will return to vacuum.
Therefore, by interrogating the logical charge violations at the origin,
we caninfer the X-basis measurement outcome.

The prediction for the expected charge violation weights for the
|0), + w |1), magic state and other possible states is shown in Table 1.
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Extended DataFig.1|Ground state onthe 3 x2lattice. Experimentally
measured values of local and Z-logical projectors for astate prepared viaa fully
unitary protocol (Supplementary Information Section S6B2). The Z, toric
codeisfirst prepared unitarily, followed by the unitary gauging of the Z,
charge-conjugationsymmetry. The per-qudit fidelity of the resulting state is
denoted by f. The average (maximum) standard error is 0.018 (0.034) for local
projectors and 0.018 (0.031) for Z-logical projectors.
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Extended DataFig.2|Ground state preparation using mid-circuit
measurements and feed-forward. Expectation values of local and Z-logical
projectorsareshown. TheZ; toric-code ground state is prepared unitarily
by enforcing plaquette stabilizers (in contrast to the vertex stabilizers used
inthe main-text experiments), yielding a +1 eigenstate of the Z; X-logical
operators. Thisis verified by ZLZ}KM and 73 valuesnear1/3. The Z,
charge-conjugation symmetry is then gauged using an adaptive circuit
(Supplementary Information Section S6B1) with mid-circuit measurements
and conditional error correction based on stabilizer outcomes. Given that
Misthe projector onto the ground-state manifold, f=Tr(pM)Y'® denotes the
per-qudit fidelity of the prepared state p. The average (maximum) standard
error forlocal projectorsis 0.012 (0.017), and for Z-logical projectors the
average and maximum standard errors are 0.019 and 0.028, respectively.
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Extended DataFig.3 | Pull-through gate protocol. (a) A control qutrit,
initialized inthe |6)L state, isshownwith blue worldlines; plaquettes hatched
by xindicate the locations of its endpoints at each time slice. The control qutrit
ismoved around atarget qutritinitialized in the|0), state and shown with red
worldlines. Theribbon operatorimplementing the motionis constructed from
elementary triangle operators (Supplementary Information Section S1D).

(b) Measured expectation values of the local projectors A2, A% B2 and B,

together with the nonlocal projector W?3, shown at different stages of the
protocol. Foralllocaland W’ measurements, the average standard error is
0.023, withamaximum of 0.052. Also shown are the W-flux correlators l'lﬁ% Wy
which certify inter-and intra-pair delocalized Z correlations of the control .'1md2
target qutrits throughout the protocol. Inthe noise-free limit these correlators
equall; the measured values are consistent with this expectation, indicating
high-fidelity state preparation.
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Extended DataFig. 4| X-basis measurement protocol. (a) Spacetime
diagram of a‘measurement’ qutrit braiding around the flux endpoint of an
input qutrit. Worldlines are shown inblue (measurement) and yellow (input).
Plaquettes marked by x denote the measurement qutrit flux endpointsonthe
3 x3lattice. (b,c) Measurementresults for the Z, and Z, projectors. The input
qutritispreparedinthe |6),_ stateinpanel (b)andinthe |f)L statein panel (c).
Ineach panel, the lower grid shows the local A2and B2 projectors, while the
upper gridshows the local A% and nonlocal ﬂﬁ? projectors (see Supplementary
Information Section S2C for precise W-flux paths). The vertex projectors A2
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and A% remain closeto +1atallsites except the origin and the remnant charge
site, while the local B2 plaquette stabilizers remain near O at qutrit endpoints
andreveal nological information. The nonlocal W-flux projectors, which
distinguish the absolute logical states |0),, |1),, and |2),, remain near1/3 due to
the superposition of these states. Two-body W-flux correlators ﬂf};,lwpz are
closetol,indicatingthat the prepared state closely approximates the noiseless
ideal. The local (4”2, A%3, B2) and nonlocal (W?3) projectors have an average
(maximum) standard error of 0.028 (0.072).
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Extended DataFig. 5| Z-basis measurement protocol. (a) A data qutrit (blue)
and two reference qutrits, labeled ‘1’ (red) and ‘2’ (green), are initialized in|0),,
|0y, and|1), statesatt=0,¢=1,and t=2, respectively. [2] charge pairs loop
around the endpoints of data-reference qutrit pairs (¢=2-t=3for dataand
reference ‘2’ qutrits, t=3-t =4 for dataand reference ‘1’ qutrits). (b) Expectation
values of local Z, vertex (A”2) and plaquette (B?2) projectors. B2> O upon
logical qutritsinitialization indicate presence of logical qutritendpoints. The
vertex projector at the first [2] charge pair fusion site yields avalue =1/4,
confirming remnant[-] charge. Subsequent [2] charge pair fusion betweent=3

0.97

and =4 leaves A2 values unchanged, indicating no additional charge
accumulation. (c) Z, vertex (A%3) and plaquette (B%3) projector expectation
values. A3 remains constant (=1, except =1/3 at origin). B3 projectors are
measured =1/3 atall qutritinitialization sites provide no information about
theinternal state of the qutrits. (d) Nonlocal W”3 projector values distinguish
internal states: W’ for|0), state of data and reference ‘1’ qutrits and =0 for|1),
state of reference 2’ qutrit. Across all local and nonlocal projectors, the
average standard erroris 0.030, with a maximum standard error of 0.064.
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Extended DataFig. 6 | Z bureau of standards protocol. (a) Schematic of

the protocol used to define alogical qutritin the Z-basis viarelative flux
comparisons. Three C, flux pairs areinitialized in the |6)L state, with the lowest
pair chosen as the reference|0),. The logical states of the remaining pairs are
determined through three comparison measurementsimplemented by
braidinga[2] charge pair. (b—-d) Experimental verification of the prepared
states. (b) At¢=1, the nfi}lw ,Projectors take values close to unity,
demonstrating that the prepared states closely approximate the ideally
prepared (i.e., noiseless) |5)L pairs. (c) Thedatais shown for different sets of
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[ -1
‘partially’ prepared basis states at t =3, where each setis defined by post-
selection onaspecific outcome of the remnant charge (4”2) measurement.
(d) Thefinal panel at t=3 displays three distinct states where all three remnant
charges are measured in [-] states, post-selected with an acceptancerate
of~0.115, comparable with the theoretical prediction of 0.125; the total
acceptancerate (including heralding) is -~ 0.06. Strongintra-pair and inter-pair
73
Zcorrelations are confirmed by measurements ofl‘lwpl,,vp2 and My oo
respectively.
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Extended DataFig.7 | Magic state preparation protocol. (a) Schematic
illustrating the creation of amagic state by inducing projection viameasurement
(Supplementary Information Section S10E). (b) Expectation values of local
projectors A2, A3, and B”2, and the nonlocal projector W73 after initial state
preparation and magic state preparation. For plaquettes (1) and (2), the
measured l'l,ﬁz? values are 0.28 and 0.28 after initial state preparation, in close
agreementwith the theoretical value of1/3. Following the complete protocol,
these values change to 0.45and 0.44, consistent with the theoretical value
of1/2. The high fidelities of the prepared states is further supported by
measurements ofl‘lf}le, which are close to unity. Across all W andlocal
projector measurements, the average standard erroris 0.017,and the
maximum standard erroris 0.057.



Extended Data Table 1| Circuit specifications

Experiment Lattice size No. of ﬁative No. of lnative Depth
one-qubit gates  two-qubit gates  (two-qubit gates)
Ground state unitary prep. 3x3 429 238 43
Ground state measurement-based prep. 3x3 545 274 50
Single anyon state prep. 3x3 453 308 76
Z-basis measurement at t = 4 3x2 423 269 74
Z-basis bureau of standards at ¢t = 3 3x2 646 437 107
Magic state preparation 3x2 507 346 134
X-basis measurement att = 5 3x3 938 744 232
Pull-through gate at t = 6 3x3 1,008 845 307

Gate counts and depths for the circuits used in each experiment. Destructive measurement at the end of the circuit was performed to compute the plaquette projectors. Furthermore, each
circuit was optimized using local qutrit basis transformations (Supplementary Information Section S5). For reference, the execution time for a single shot of the X'-basis measurement att=5
was approximately 5.0 s, and for the pull-through gate experiment at t = 6 it was approximately 5.9 s on Quantinuum'’s H2-1 quantum computer.
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Supplementary Information
Note: the section labels (with Roman numerals) refer to sections in the main text as follows:

e Section II: The S5 quantum double
e Section III: State preparation

— Section IIT A: Ground-state preparation

— Section III B: A single non-Abelian anyon on the torus
e Section IV: Universal topological gate set

— Section IV A: Logical qutrit encoding
— Section IV B: Pull-through gate

— Section IV C: X-basis measurement
— Section IV D: Z-basis measurement

— Section IV E: Bureau of standards

e Section V: Demonstrating magic

S1. BASICS OF S;s QUANTUM DOUBLE MODEL

For more details, we refer the reader to the comprehensive pedagogical notes in Refs. S1 and S2.

A. Review of S3 group theory and representation theory

We use the group presentation for S3 = <u, olud =0 =e,po= UM_1>, where 4 and o corresponds to the 120°
rotation and reflection of an equilateral triangle. Another common notation is to recognize that Ss is a symmetric group
on three elements, so group elements are permutations that can be represented in terms of cycles. The identification
is g = (123), 0 = (23) (the remaining group elements can be determined from these two generators).

There are three conjugacy classes that partitions Ss: Cy = {e}, Co ={o,uo,ic}, Cs ={p,pn}.

There are three irreducible representations (irreps) of Ss: [+],[—], [2]. The trivial representation [+] sends every
group element to 1. The sign representation [—] sends group element g — sgn(g), where sgn gives the sign of the
permutation; so even permutations (e.g. C3 group elements) are mapped to +1, whereas odd permutations (e.g. Co
group elements) are mapped to —1. The standard representation [2] is a two-dimensional representation, and the
representation matrices are:

iz (e) = ((1) (1)> Liay(w) = (U(; g) Piay() = (LS g)
Ly (po) = (g LS) [y (ao) = (2 %}) Pigy(o) = <(1) (1))

where the indexing order is {|2+),]2—)} and w = exp(27i/3).

The representation theory of the Zgz subgroup of S3 also warrants a mention, as it will be important for defining
some of the anyon types in S3 quantum double. Since Z3 is an Abelian group, all irreps are one-dimensional. The
three possible irreps are labeled by the third root of unity. The trivial representation [1] maps all group elements to
1. The [w] representation is given by the map a — w®. The [@] representation is given by the map a — (©)°.

B. Qutrit-qubit encoding

We use the qutrit-qubit encoding for the S3 group elements, such that for a given S; group element basis |g) =
|?0®), it is encoded as a qutrit |a (mod 3)) and a qubit [b (mod 2)), where a,b are integers.

The left- and right-group multiplication operators are

LY ‘h> = ‘gh> ) R? |h> = |h§> ) (Sl)



where g is the inverse of g. In terms of qutrit and qubit gates, the left- and right- group multiplication of S3 generators
are

F=xI, L°=C®X, (S2)
Rr=x"% R =I®X, (S3)

where X and Z denote the qutrit clock matrices, and C is the qutrit charge-conjugation operator,

1 1 1
Z = w
and where Z and X are the Pauli matrices acting on the qubit degrees of freedom.

Given an S3 group element g = pu%c?, its inverse is g = ;f(*l)baab. This inverse operation is implemented by the

following circuit:
o
[b) (S5)

Note that taking an inverse of a S3 group element does not change the qubit value b since inverse operation does not
change its conjugacy class.

Controlled left multiplication of a group element h = pu“o” (in teal) by the group element g = u®o® (in violet) (left
panel) and its inverse g (right panel) is

@ = A S
) —— ! "
19) 1R) = |g) |gh): o) L Tell lg) [R) = |g) |gh): ) @
8) ~—— 0)o————  (S6)

la

) ——

b)

l9) |R) = 1g) |hg): ) lg) |B) = |g) |hg): "
|158) D— 18

Finally, controlled conjugation sends g — Zgz, where z = u®0?® is the control (in violet) and g = u®o? is the target
(in teal). So the circuit is

et

< (S7)

|a)

) DT
o) {cHaHeHatHeF
o g

C. Anyon types, fusion rules, and braiding

Given a finite group G, the quantum double of G (also known as the G Drinfeld double, denoted as D(G)) [S3], has
anyon type specified by (C, x), where C' is a conjugacy class and x is an irreducible representation of the centralizer
Z(r) for a representative r in C'. The 8 possible anyon types in S3 quantum double are given below:

We denote the vacuum anyon (C1, [+]) by 1 in the main text. In the following, we also simply refer to it as [+].

The most relevant fusion rules are as follows:

I x[=l=H] R xRl=H+[-]+[2 (S9)



Conjugacy class Centralizer Charge d
[+] 1

Cl Z(e) = Sg [—} 1

2] 2

Cs Z(0) = 7 m :

(1] 2

Cs Z(p) 2 Zs [w] 2

(<] 2

Table I. Conjugacy classes, centralizers, charges, and the quantum dimensions (d) of the 8 anyon types in D(S3).
Coy x Oy = [+ + [2] + O3 + (O3, [w]) + (T3, [@0]), O x [2) = O + (Ch, [=]) (510

O3 x (O3 = [+] + [—] + 03, C3xCy=0Cy+ (CQ, [—]) (Sll)

The full categorical data describing the S3 quantum double, including fusion rules, the F' symbols, and the R
matrices, can be found in Ref. S4 and in the Supplementary Categorical Data of Ref. S5.

For braiding, it suffices to describe two scenarios: 1) braiding two fluxes and 2) braiding a flux around a charge.
Braiding involving dyons can be decomposed into aforementioned scenarios. For scenario 1, when two fluxes are
braided around each other, the global fluxes labels are both conjugated by the total flux. For scenario 2, the action
of a flux g on a charge’s internal Hilbert space is given by the representation matrix I'(g), where T" is the irreducible
representation of the charge.

D. Ribbon operators
1. Basic construction

The operators that create pairs of non-Abelian anyons on top of the quantum double ground state are known as
ribbon operators. A ribbon operator FPA;“’“/ is specified by four data: (i) the path along the lattice where the ribbon
acts, p, (ii) the anyon type A = (C,x), where C is the conjugacy class and x is an irreducible representation, (iii)
the local internal state u = (v,4) at the start, and (iv) the local internal state v’ = (v/, ) at the end, where u, v are
elements in the conjugacy class C' and i,j are the matrix indices for the irreducible representation y. In general, a
ribbon operator creates vertex and plaquette violations at both ends of the ribbon.

The easiest way to express the ribbon operator F/f‘?u’“' is in terms of basis elements Féz’“), whose action is depicted
in Fig. 1b.

cuu’ X Ty ;
A _ |Z|(71)| Z F;{j/ (n)F(QUH(Iv ,v)’ A= (C,x), u=(v,7) (S12)
ne€Z(r)

Here, r € C' is a representative element of the conjugacy class corresponding to the anyon in question. Z(r) is the
centralizer of r, the subgroup of all elements in that commute with r. Furthermore, we have

V= qrGy, V= QTG (S13)

The operator F| ;““’“l creates two excitations at either end of p, but commutes with all stabilizers along the bulk of
the ribbon. The anyons on either end will be of type A = (C, x), and the internal state of each anyon will be labeled
by uw and o/, respectively.

Ribbon operators are constructed out of fundamental building blocks known as “triangle” operators: these are
operators that act on a single edge of the lattice, and are strung together through a recursive formula to yield a
full-length ribbon operator. Fig. 2 contains a table listing the eight different triangle operators, distinguished by three
different characteristics: (i) whether they act on the direct or dual lattice, (ii) whether the direction of the operator
is aligned with the lattice, and (iii) a property known as “local orientation” [S6].
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Figure 1. (a) Ribbon operators create non-Abelian anyons at their ends; they are thicker as compared to their abelian
counterparts, and act both on the direct and dual edges of the lattice. (b) The action of a ribbon operator in the “group
element” basis. This ribbon creates an anyon with local flux v and nonlocal flux zvZ, and will generically create a superposition
of charges. The anyon basis ribbons are superpositions of these ribbons.

A full-length ribbon operator F(**) is built out of triangle operators recursively. Consider the three triangle ribbon
pictured in Fig. 1. Denote the triangles by 7;. We can derive the action of the full ribbon using the following formula:

FE(p=prUps) =) FED (o)) PR (py) (S14)
keG

Triangles 7 and 73 act on the direct lattice, are aligned with the lattice orientation, and have counter-clockwise local
orientation, meaning the corresponding triangle operators F(**)(;) and F(**)(13) act by |z) — &, |z). Triangle
acts on the dual lattice, is opposite to the lattice orientation, and has counter-clockwise local orientation, and so the
corresponding operator acts as F*¥) (1) |z) = 8. . |vz).

We start by breaking up the ribbon into two pieces: p = 71 U (12 U 73):

FE () = 37 FE () FE=FR) (1 U ) = 37 5, FERR) (1) U ) = @200 (1, ). (815)
keG keG

Applying the recursion relation again:

F(z,v) (p) _ Z F(k,flvxl)(7_2)F(%Elzﬁﬂvw1k) (7_3)
keG
= kel @uz)ye) (v2| 8, 7z, (S16)
keG
= Ozyas,2 | (T1o21)y2) (2| -

This is the same action quoted in Fig. 1(b).

2. Unitary ribbon

We now specialize to useful ribbons used in the main text. We observe that by summing over the local internal
state on one end of the ribbon, the resulting ribbon operator is unitary. Such unitary ribbon can be decomposed into
three steps: 1) ungauging, 2) finite-depth local unitary (FDLU) circuit in a simpler TO, and 3) regauging [S7]. For
the ungauging step, it is a sequential unitary circuit that “unzips” along the length of the ribbon to a simpler TO.
Then, the FDLU circuit is either a string operator or symmetry fractionalization pattern in the simpler TO. Finally,
the regauging circuit “zips up” along the length of the ribbon back to the original TO.

The unitary ribbon for a [2] charge vacuum pair is given by:

FORDO = §™ perD0s - TT zZllo<e 2o (S17)
J

rep



Alignment
Type of Triangle | Local Orientation Aligned Opposite
O . 4
<+—
Counterclockwise I =
|x> = 6z,x|x> |x> = 6E,x|x>
Direct
= ®
=P
Clockwise = I
L
|x) > 6.4]x) [x) > 6z.|x)
Counterclockwise | <£__“J-__ @
Xy > Syelay | 1% Onel o)
Dual
————— -—-(®
Clockwise @ e

[x) > 6| vx)

[x) > bze|x0)

ZZa )., |crb> = w(D'e )., |ab> , a=0,1,2, b=0,1.

I, Z4 a “1)Z9%a | a
207 ), [T oty = w07 e ),
g

There can also be multiple controls on some set of edges {g}:

g

11 0%),s a=0,1,2, b

Figure 2. Definition of triangle operators, based on the type (direct or dual), alignment (aligned or opposite), and local
orientation (clockwise or counterclockwise) of the triangle operator [S2]. Direct and dual edge is denoted by solid and dotted
line respectively. The orientation of the edge is indicated by the single arrow; the direction of the ribbon is indicated by the
double arrow. The local orientation of the triangle operator is determined by first fixing the hinge (dark circle) at the plaquette
center touching the triangle operator, and then turn along the ribbon direction.

Here z, g are edges on the lattice along the ribbon p, and ¢ < x means that g occurs before edge z, traveling along

p from the start of the ribbon to the end. The gate ZxZ ? is a controlled gate with the qutrit on edge = as the target
and the qubit on edge g as the control:

(S18)

=0,1. (S19)

F2D:0 can be expressed as a circuit by using the identities in Section S1B (where the purple arrow in the first
purple triangle indicates the direction of the ribbon):
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The [2] charge ribbon operator circuit above illustrate how a unitary ribbon operator can be decomposed into three
steps (as divided by dotted line): 1) ungauging, 2) finite-depth local unitary (FDLU) circuit in a simpler TO, and 3)
regauging [S7]. For the ungauging step, it is a sequential unitary circuit that ”unzip” the direct edges to a simpler TO
(in this case ungauging to Zs toric code). Then, the FDLU circuit is just the usual string operator for the e anyons
in Z3 toric code. Finally, the regauging layer is used to ”zip up” the direct edges back to S35 TO.

Unitary ribbons for a [Cs] flux is more complicated that the [2] charge ribbon. For example, to implement the
unitary ribbon F¢2 = Y ey F©2i9¢ where the local internal state is |o) at the start of the ribbon, the circuit for
a Co ribbon (with direction indicated by the purple arrow in the first purple triangle) with counterclockwise local
orientation (the issue of local orientation will be explained below) is given by:

Ungauging FDLU Regauging
ar) : —chHch- :
[b1) | | T T | |
1) : —cHa— :
1B1) l —x] i i
|az) — W@ 1 LCT_} @ 1 G(f ‘,_{ C }7 |
P 1b) —& ; : : : &
a1, Bifaz, Bafas, Bspaa, Ba a2) ! \ @@ w w
| | | |
= 152) : —{x] : :
a1,by az, by az, by as,by |as) @ : @ : lel el : @ : @
‘b‘$> T4t ! ! Ll—‘ Lf‘ ! ! Pany
E | | i i %
o) : : @@ : :
1) | X] | |
| | | |
as) b= (e Ha] —c]
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o) : —{cHa— :
| Ba) f f @ f f

(S21)

Note that the ungauging and regauging steps are more complicated than that of the [2] charge ribbon, because it
does not stop at the level of the Zs toric code but continue to the level of Z3 paramagnet [S7].

As a remark, to implement a Cy ribbon where the starting local internal state is |uo) and |fio), the entire circuit
needed to be conjugated with X and X' respectively on the first direct edge (a1,b1 in this case), as it modifies the
action of individual dual triangle to L*° and L*“ respectively (for the counterclockwise, aligned case).

It is important to keep track of the local orientation of the ribbon to ensure consistent action of ribbon operator [S2,
S6]. The example ribbons displayed above are of counterclockwise local orientation. The circuit for a Co ribbon with
clockwise local orientation is given by:
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(S22)
The circuit implementation for clockwise local orientation can be derived from that of counterclockwise local
orientation by applying the inverse operation circuit (Eq. S5) on the dual edges.

3. Generalized ribbon operator

In Ref. S2, a generalized ribbon operator is introduced that relaxes the condition that a ribbon operator only
create violations at two sites. It is observed the charge violations can be decoupled from the flux violations at the
ends of a ribbon; i.e., the charge violations can be moved arbitrarily far away from the flux violations. This can be
understood from the gauging perspective discussed in Section S1D 2: the ungauging/regauging circuit can be along
a length beyond the support of the FDLU part of the circuit. Then the charge violations are located at the starting
and ending location of the ungauging/regauging circuit, whereas the flux violations are located at the starting and
ending location of the FDLU circuit.

Generalized ribbon operators are crucial for defining the absolute logical encoding used in demonstrating the
universal gate set in Section IV B, IV C, and IV D. A generalized ribbon operator ensures global fluxes are well-
defined (so that they can be compared consistently) and allows the fluxes at the two ends of a ribbon operator to be
at arbitrary locations and moved for braiding. When defining a flux, we need to specify the base point where the flux
loop starts and ends. Changing base point conjugate the flux by the value of the path between the old and new base
point. Therefore, to compare the flux internal states between distinct fluxes, the same base point has to be used to
ensure consistency.

For the experiment, we fix the base point to be at the origin such that all global fluxes are defined with respect to
the origin; an example is shown in Fig. 1(k).

S2. QUBIT-QUTRIT ENCODING OF D(S3) STABILIZERS AND PROJECTORS

In Section S1B we detailed the encoding of S5 group elements in terms of qubit—qutrit pairings and described the
corresponding group multiplication rules. Here we provide a description of the standard D(Ss) projectors, originally
defined in Ref. S3, expressed in terms of their action on the qubit and qutrit degrees of freedom. In particular, we
derive explicit expressions for the D(S3) vertex and plaquette projectors in terms of the operators A%?2, A% B’z and
BZs introduced in Egs. (1) and (2). Similar definitions for the W-flux and non-contractible projectors are also given.

We begin by writing D(S3) hamiltonian

H=-% A,-> B, (523)
v p



where the vertex projector A, = % > 9€Ss A9 enforces the zero-charge constraint at each vertex. Pictorially, the action
of A9 on a group-element configuration is
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Here, the solid circle and triangle on each edge denote the qubit—qutrit encoding. Similarly, the plaquette projectors
B enforce trivial total flux around each plaquette. Their action on basis states is

IN TN
> >e
TW o) TW TE
e [ ) ® — [ ] ®
Bp A A - 5e,msziEis A A (825)
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where rwarNTrZTs denotes the flux around the plaquette.

A. Vertex projectors

From Eq. (S24), A9 left-multiplies the group elements on the north (N) and east (E) edges, and right-multiplies
those on the south (S) and west (W) edges. The full vertex projector can be written as

L9%
1 L9
A, = g Z é!’ >eo . (826)
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Using Eqgs. (S2) and (S3), the terms AJ and A¥ can be expressed as

Lo} cx?2 Lrg xi
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Expanding A,, we obtain
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B. Plaquette projector

Since B, enforces trivial flux around each plaquette, it can be written as
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